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Abstract 

The internal disorder of a D-dimensional hydrogenic system, which is strongly associated to the non- 
uniformity of the quantum-mechanical density of its physical states, is investigated by means of the shape 
complexity in the two reciprocal spaces. This quantity, which is the product of the disequilibrium and the 
Shannon entropic power, is mathematically expressed for both ground and excited stationary states in terms 
of certain entropic functionals of Laguerre and Gegenbauer (or ultraspherical) polynomials. Emphasis is 
made in the ground and circular states. 
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INTRODUCTION 



The hydrogenic system (i.e., a negatively-charged particle moving around a positively-charged 
core which electromagnetically binds it in its orbit) with dimensionality D > 1, plays a central 
role in D-dimensional quantum physics and chemistry . It includes not only a large variety 
of three-dimensional physical systems (e.g., hydrogenic atoms and ions, exotic atoms, antimatter 
atoms, Rydberg atoms,. . . ) but also a number of nanoobjects so much useful in semiconductor 
nanostructures (e.g., quantum wells, wires and dots) Q3|, [4£| and quantum computation (e.g., qubits) 
[|5i|6|] . Moreover it has a particular relevance for the dimensional scaling approach in atomic and 
molecular physics [1] as well as in quantum field theory Q7Q. Let us also say that the existence 
of hydrogenic systems with non standard dimensionalities has been shown for D < 3 [4] and 
suggested for D > 3 Js]. 

The internal disorder of this system, which is manifest in the non-uniformity quantum- 
mechanical density and in the so distinctive hierarchy of its physical states, is being increasingly 
investigated beyond the root-mean-square or standard deviation (also called Heisenberg measure) 
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U|] and 



by various information-theoretic elements; first, by means of the Shannon entropy [|9L 
then, by other individual information and/or spreading measures as the Fisher information and the 
power and logarithmic moments ( see II 1211 . and especially Ill3ll ). Just recently, further complemen- 
tary insights have been shown to be obtained in the three-dimensional hydrogen atom by means of 
composite information-theoretic measures, such as the Fisher-Shannon and the shape complexity 
||14l Il5|l . In particular, Sanudo and Lopez-Ruiz [14] have found some numerical evidence that, 
contrary to the energy, both the Fisher-Shannon measure and the shape complexity in the positi 
on space do not present any accidental degeneracy (i.e. they do depend on the orbital quantum 
number /); moreover, they take on their minimal values at the circular states (i.e., those with the 
highest /). In fact, the position Shannon entropy by itself has also these two characteristics as it 
has been numerically pointed out long ago |^], where the dependence on the magnetic quantum 
number is additionally studied for various physical states. 

The shape complexity Jl6] occupies a very especial position not only among the composite 
information-theoretic measures in general, but also within the class of measures of complexity. 
This is because of the following properties: (i) invariance under replication, translation and rescal- 
ing transformations, (ii) minimal value for the simplest probability densities (namely, e.g. uniform 
and Dirac's delta in one-dimensional case), and (iii) simple mathematical structure: it is given 
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as the product of the disequilibrium or averaging density and the Shannon entropy power of the 
system. 

In this work we provide the analytical methodology to calculate the shape complexity of the 
stationary states of the D-dimensional hydrogenic system in the two reciprocal position and mo- 
mentum spaces and later we apply it to a special class of physical states which includes the ground 
state and the circular states (i.e. states with the highest hyperangular momenta allowed within a 
given electronic manifold). First, in Section 2, we briefly describe the known expressions of the 
quantum-mechanical density of the system in both spaces. In Section 3 we show that the com- 
putation of the two shape complexities for arbitrary D-dimensional hydrogenic stationary states 
boils down to the evaluation of some entropic functionals of Laguerre and Gegenbauer polynomi- 
als. To have the final expressions of these complexity measures in terms of the dimensionality D 
and the quantum numbers characterizing the physical state under consideration, we need to com- 
pute the values of these polynomial en tropic functionals what is, in general, a formidable open 
task. However, in Section 4, we succeed to do it for the important cases of ground and circular 
states. It seems that for the latter ones the shape complexity has the minimal values, at least in the 
three-dimensional case as indicated above. It is also shown that our results always fulfil the un- 



certainty relation satisfied by the position and momentum shape complexities Ill5h . Finally, some 
conclusions are given. 

THE D-DIMENSIONAL HYDROGENIC QUANTUM-MECHANICAL DENSITIES 

Let us consider an electron moving in the D-dimensional Coulomb (D > 2) potential V(r) = 
~, where r = (r, 6\,9 2 , #d-i) denotes the electronic vector position in polar coodinates. The 
stationary states of this hydrogenic system are described by the wavefunctions 

^n,m (r, t) = ifr n>w (f) exp (-iE n t) , 

where (E n , ^./.m) denote the physical solutions of the Schrodinger equation of the system |1, 2, 
130 - Atomic units (h = e = m e = 1) are used throughout the paper. The energies are given by 

D-3 

with n = n + 

in 



E = -—, with j] = n + — — ; n = 1,2,3,..., (1) 



and the eigenf unctions can be expressed as 

y n m(?) = R n,i(r)y W} <&D-i), (2) 



where (/,{//}) = (/ = pi,p2, --^Pd-i) = (I, {p}) denote the hyperquantum numbers associated to 
the angular variables £Id-i = #2, ■ Od-i = f), which may have all values consistent with the 
inequalities / = pi > p 2 > ■■■ > \/J-d-i\ = \m\ ^ 0. The radial function is given by 



Kir) = 





1" 




I 2/7 




f.D-2 



lV2 



(3) 



where £,? (x) denotes the Laguerre polynomials of degree k and parameter a, orthonormal with 
respect to the weight function u> a (x) = x°e~ x , and the grand orbital angular momentum hyper- 
quantum number L and the adimensional parameter r are 



L = l + 



D-3 



1 = 0,1,2,... and 



with A = —. 



The angular part J//,m(£2d-i) is given by the hyperspherical harmonics J2, 
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(4) 



(5) 



./=! 



with a ; = \{D - j - 1) and C^(x) denotes the orthonormal Gegenbauer polynomials of degree k 
and parameter A. 

Then, the quantum-mechanical probability density of the system in position space is 



18, 



19] 



Pnj M (r) = \^n,i,M (rf = R 2 nJ (r) \tf m (£Vi)| 2 , 
In momentum space the eigenfunction of the system is [2, 

= M n ,i(p)y m (n D -{), 

where the radial part is 

.D/2 



(6) 



(7) 



(8) 



D/2 



1+y 



D-2 
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with y = | + ^2 an d P = z ( nere me electron momentum /? is assumed to be expressed in units of 
p M , where p^ r = ^f-Po = P>- m.a.u, since m e = 1 and the momentum atomic unit is p = j- = 
p r is the reduced mass of the system). The symbol C^(x) denotes the Gegenbauer polynomial of 
order k and parameter a orthonormal with respect to the weight funciont of a = (1 - x 2 ) a ~? on the 
interval [-1, +1]. The angular part is again an hyperspherical harmonic as in the position case, but 
with the angular variables of the vector p. Then, one has the following expression 



7(p) = \%m<J?)\ 2 = Mi/(p)[^>(«D-i)] 2 

for the quantum-mechanical probability density of the system in momentum space. 
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THE SHAPE COMPLEXITY OF THE D-DIMENSIONAL HYDROGENIC SYSTEM 



Here we describe the methodology to compute the position and momentum shape complex- 
ity of our system in an arbitrary physical state characterized by the hyperquantum numbers 
(77, jUi , We show that the calculation of the position and momentum hydrogenic shape 
complexities ultimately reduce to the evaluation of some entropic functionals of Laguerre and 
Gegenbauer polynomials. 



Position space 



The shape complexity C [p] of the position probability density p (r) is defined 111611 as 

C[p] = <p>exp(S [p]), (10) 

where 

<p> = J p 2 (f)df (11) 

and 

S\p] = - J p(f)\np(f)d? (12) 

denote the first-order frequency moment (also called averaging density or disequilibrium, among 
other names) and the Shannon entropy of p (r), respectively. Then, this composite information- 
theoretic quantity measures the complexity of the system by means of a combined balance of the 
average height (as given by (p)) and the total bulk extent (as given by S [p]) of the corresponding 
quantum-mechanical probability density p (r). 

Let us first calculate (p). From © and (fTTI) one obtains that 

<p> = ^Z D Ki (D, 77, L) K 2 (I, {pi}) , (13) 



where 



x- d - 5 \w 2L+1 {x)[l^ l \{x)\ J dx (14) 



and 



K 2 (l,{»})= f |J// M (^d-i)| 4 ^d-i (15) 

n 

The Shannon entropy of p (r) has been recently shown 112011 to have the following expression 

S[p]=S[R rd \+s[}/ m ], (16) 
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with the radial part 



and the angular part 



r^Rl^logRltdr 

o 

= A(n,l,D) + -±-E 1 [X^J-DlnZ 
= B(lA»},D) + f J E 2 \cZZ}> 



(17) 



(18) 



where A(rc, Z, D) and 5(Z, {/i} , D) have the following values 

2?/-2L- 1 



A(n, /, D) = -21 



2 n 



+ i//(t] + L + 1) 



V-L(L+1) 
+ h In 

?7 



2 D-l 



and 



D-2 



fla{^},D) = ln2?r-2^^ + i 



.7=1 



iff(2aj + fij + fij+i) - ipiaj + n j) - In 2 



2{pc i + nj) 



with iff(x) = is the digamma function. The entropic functionals E t [y n ], i = 1 and 2, of the 
polynomials {y n }, orthonormal with respect to the weight function to(x), are defined HQ] by 



[y n ] = - I xio(x)yl(x)lnyl(x)dx, 
Jo 



and 



Ei [y 



w(x)^(x) lny„(x)rfx, 



(19) 



(20) 



respectively. 

Finally, from Eqs. (flOl ), (fT3l) and (fT6l)-(fl"8"l), we obtain the following value for the position shape 
complexity of our system: 



)D-2 



C[p] = -^Kr (D,r],L)K 2 (L,{fi}) 



x exp 



A(n,l,D) + ^-E l [Ll I ti\+S[^ W) \ 



(21) 



where the entropy of the hyperspherical harmonics S [j//,^)], given by Eq. (TTSl , is controlled by 
the entropy of Gegenbauer polynomials E 2 [C£ ] defined by Eq. (|20l) . It is important to remark that 
the position complexity C [p] does not depend on the strength of the Coulomb potential, that is, on 
the nuclear charge Z. 



Momentum space 



The shape complexity C [y] of the momentum probability density y (p) is given by 



C[y] = <r)exp(S [y]), 
where the momentum averaging density (y) can be obtained from Eq. © as follows: 



(22) 



2 /r^\ J ~t Z '/ 



<r>= rtf)dp = 



Z D 



Kt, (D, t], L) K 2 (I, {fJ,}) ■. 



(23) 



with K 2 is given by Eq. (fT5l) . and ^ 3 can be expressed as 



K 3 (D,T],L) 



Jr»co 4/ 
r 
o (1+. 



(24) 



. y2)4L+8 

On the other hand, the momentum Shannon entropy S [y] can be calculated in a similar way as 
in the position case. We have obtained that 



S[y] = -fy (p) In y (p) dp = S [M nl ] + S 

= F (n, I, D) + E 2 [C^U] + D InZ + S , 



(25) 



where F (n, I, D) has been found to have the value 



F (n, l,D) = - In 



+ 



2 2L+4 

L + 2 



(2L + 4) [^(/7 + L + l)-^(77)] 
2t/(2L+ 1) 



(D + l) 



1 



4t/ 2 -1 



(26) 



Then, from Eqs. (|22)) . (1231) and (1251) we finally have the following value for the momentum 
shape complexity 



C [y] = 2 4L+ V^3 (D, tj, L) K 2 (L, {»}) 

x exp [F(n, I, D) + E 2 [c£l_ x ] + S 



(27) 



Notice that, here again, this momentum quantity does not not depend on the nuclear charge Z. 
Moreover the momentum complexity C [p] is essentially controlled by the entropy of the Gegen- 
bauer polynomials E 2 [C"j, since the entropy of hyperspherical harmonics S [j/;,^}] reduces to that 
of these polynomials according to Eq. (fT8l) . 
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SHAPE COMPLEXITIES OF GROUND AND CIRCULAR STATES 



Here we apply the general expressions (I2TT) and (1271) found for the position and momentum 
shapes complexities of an arbitrary physical state of the D-dimensional hydrogenic system, re- 
spectively, to the ground state (n = • = 0, V/ = I...D - 1) and to the circular states. A circular 
state is a single-electron state with the highest hyperangular momenta allowed within a given elec- 
tronic manifold, i.e. a state with hyperangular momentum quantum numbers [i t = n - 1 for all 
i = l,...,D-l. 



Ground state 



hk / 2Z \° 1 -S-r 



In this case rj — L—1 = 0, so that the Laguerre polynomial involved in the radial wavefunction 
is a constant. Then, the probability density of the ground state in position space given by Eqs. ©, 
© and © reduces as follows: 

(28) 

which has been also found by various authors (see e.g. yH^I). 

The expressions (fT3l) -(fT5l). which provide the averaging density of arbitrary quantum- 
mechanical state, reduce to the value 

/ \- Z ° 1 

VW - (d-d d ^ r (^ij (29) 

for the ground-state averaging density. Moreover, the angular part of the entropy is 

2_Z5/2 

S Wom] = In —r, (30) 

r \2 j 

so that it is equal to In 2n and In An for D = 2 and 3, respectively. Then, the formulas <fl6l)-(l2"0"l) of 
the Shannon entropy of arbitrary physical state of our system simplify as 

* M ■ ta (^ !ir!¥r ( £ f i )) + D ~ DlnZ < 31 ' 

for the ground-state Shannon entropy. Finally, from Eq. (|2T]) or from its own definition together 
with (l2"9l)-([3TI) we obtain that the position shape complexity of D-dimensional hydrogenic ground 
state has the value 

c[p g ,] = (^) D (32) 



In momentum space we can operate in a similar manner. First we have seen that the ground- 
state probability density is 



JgAP) 



(£) _i)Or(2±!) 



1 



zV 



(i + W* 1 ' 



(33) 



which has been also given by Aquilanti et al [19], among others. Then, we have found the values 



M - 



2D -2 



r 2 (¥)r(2 + f) 



Zl C+2 
/ n 2 



for the momentum averaging density, and 



S [y g . s ] = In 



n 



+ (D + l) 



Y(2D + 2) 



i/AD+ + l 



(34) 



+ DlnZ 



(35) 



(£)_l)D r (^!) 

for the momentum Shannon entropy, directly from Eq. (1291 or from Eqs. (l23~l)-([24l) and (|25l)-(|26l), 
respectively. Finally, from Eq. (1271) or by means of Eqs. (l3~4~l)-([35l) we have the following value 



C 



2^r(^)r( 2 + f) i 

M= rwrnn + n exp 



(D + l) 



i/f(D+l)-i/f 



D + 2 



(36) 



n [ / 2 Y(2D + 2) * { 

for the ground-state D-dimensional hydrogenic shape complexity in momentum space. In particu 
lar, this quantity has the values 

2e 3 ' 2 



C 3 (y*.».) 
Q(y g .J : 



5 

66 

e 10/3 
,35/12 



1.7926 

2.3545 
: 3.0799 



for the hydrogenic system with dimensionalities D = 2,3 and 4, respectively. Let us here mention 
that the three-dimensional value agrees with that calculated in |l6{]. 

Circular states 



Following a parallel process with circular states, we have obtained 

lD+2-2n 7 D , „ v 2n-2 D ~ 2 



PcAr) = — 



e * - 



^ i r i (2n + D-3) Z) r(n)r(n + ^4) ^ 



2n-2 
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for the position probability density, and 

2 2 "~ 2 (2n + D - 3) D Y (n + S=L) (rjp/Z) 2 ^ 2 f 



jcAP) 



(1 + ^) 2 " +D - ;=1 



iflM 



2n-2 



Z D n^T(n) 

for the momentum probability density of a D-dimensional hydrogenic circular state with the prin- 
cipal quantum number n. Moreover, we have found the values 

z»r(„-i)r(2n + ^) 



<Pc. S ) = 



and 



(7c.s.) 



2 2n ' 2 ^{2n + D- 3) D r(n)r 2 (n + 2zl) 
2 4n+D -\2n + D- 3) D Y 2 (n + 2zl) T (2n - 1) T (2n + f ) 



(37) 



(38) 



Z'Wr 2 ( n ) T {An + 2D-2) 
for the position and momentum averaging densities of our system. On the other hand, we have 

also been able to express the position and momentum entropies as 

D- 1 



S [p c . s ] =2n + D-2-(n-l) 



ifj(n) + i/r \n + 



+ ln 



(2n + D - 3) fl ^r(n)r In + 



2 

D - 1 



-Dln2 
-£>lnZ 



(39) 



and 



S [7c,] =A(n,D) + \n 



2 D+l Z D 7T—Y(n) 



(2n + D-3) D T(n + 2^) 



(40) 



where the constant A(n, D) is given by 



A(n, D) 



2n + D - 1 



D+ 1 



2n + D-3 2n + D-2 



-(n-l)ifr(n) 



D + l\ I D-2\ ( D-l\ t D-3 
i//\n + — - — +\n + — - — w\n + 



2 y \ 2 ) \ 2 y \ 2 

Finally, from Eqs. (T37l)-(l40l) or from Eqs. (I2TT) and (1271) we have the values 

r(„_i)r(2n + ^) 



(41) 



C [pes] = 



xexp|2n + D-2-(n- 1) 



i//(n) + if/\n + 



D- 1 



and 



2 4n + 2D-3 Y ( n + D^\ Y {2n - l)T (in + f) 
C be,] = )„ r , ' , ^ ^ — exp [A(n, D)] 



(42) 



(43) 



n l l 2 T(n)T(An + 2D-2) 

for the position and momentum shape complexity of a D-dimensional hydrogenic system in an 
arbitrary circular state. It is worthy to remark for checking purposes that Eqs. (1421) and ([431 reduce 
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to Eqs. (1321) and (l36l) in case that n = 1, respectively, as expected; in this sense we have to use 
the two following properties of the digamma function: ij/ (2z) = \ [<A (z) + {z + |)] + In 2 and 
<A(z+l) = tA(z) + f. 

CONCLUSION 

The shape complexity of the hydrogenic system in D-dimensional position and momentum 
spaces is investigated. This quantity has two information-theoretic ingredients: the disequilibrium 
and the Shannon entropic power. We have seen that the explicit computation of this complexity 
is a formidable open task, mainly because the analytical evaluation of the entropic functionals of 
the Laguerre and Gegenbauer polynomials, E\ [Z^] and E 2 [c^j, involved in the calculation of the 
Shannon entropy, has not yet been accomplished. 

The general methodology presented here is used to find explicit expressions for the position 
and momentum complexities of the ground and circular states in terms of the dimensionality and 
the principal quantum number. 
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